We present some nonlocal integrable systems by using the Ablowitz-Musslimani nonlocal reductions. We first present all possible nonlocal reductions of nonlinear Schrödinger (NLS) and modified Korteweg-de Vries (mKdV) systems. We give soliton solutions of these nonlocal equations by using the Hirota method. We extend the nonlocal NLS equation to nonlocal Fordy-Kulish equations by utilizing the nonlocal reduction to the Fordy-Kulish system on symmetric spaces. We also consider the super AKNS system and then show that AblowitzMusslimani nonlocal reduction can be extended to super integrable equations. We obtain new nonlocal equations namely nonlocal super NLS and nonlocal super mKdV equations.
Introduction
After the publications of the Ablowitz-Musslimani works [1] - [3] on nonlocal nonlinear Schrödinger (NLS) equation there is a huge interest in obtaining nonlocal reductions of systems of integrable equations [4] - [22] . In all these works the soliton solutions and their properties were investigated by using inverse scattering techniques, by Darboux transformations, and by the Hirota direct method.
Recently we extended the nonlocal NLS equations to nonlocal Fordy-Kulish equations by utilizing the nonlocal reduction to the Fordy-Kulish system on symmetric spaces [23] . In a previous work [24] we studied the coupled NLS system obtained from AKNS scheme. By using the Hirota bilinear method we first found soliton solutions of the coupled NLS system of equations then using the Ablowitz-Musslimani type reduction formulas we obtained the soliton solutions of the standard and time T-, space S-, and space-time ST-reversal symmetric nonlocal NLS equations. Similarly, in a recent work [26] we studied the nonlocal modified Korteweg-de Vries (mKdV) equations which are also obtained from AKNS scheme by Ablowitz-Musslimani type nonlocal reductions. For this purpose we start using the soliton solutions of the coupled mKdV system found by Hirota and Iwao [27] . Then by using these solutions and Ablowitz-Musslimani type reduction formulas we obtained solutions of standard and nonlocal mKdV and complex mKdV (cmKdV) equations including one-, two-, and three-soliton waves, complexitons, breather-type, and kink-type waves. We used two different types of approaches in finding the soliton solutions. We gave one-soliton solutions of both types and presented only first type of two-and three-soliton solutions (see [26] ).
When the Lax pair, in (1+1)-dimensions, is given in a Lie algebra the resulting evolution equations are given as a coupled system
for all i = 1, 2, · · · , N where F i and G i (i = 1, 2, · · · , N) are functions of the dynamical variables q i (t, x), r i (t, x), and their partial derivatives with respect to x. Since we start with a Lax pair then the system (1)- (2) is an integrable system of nonlinear partial differential equations.
In the space of dynamical variables (q i , r i ) there exist subspaces
or r i (t, x) = kq i (t, x),
where k is a constant and a bar over a letter denotes complex conjugation, such that the systems of equations (1)- (2) reduce to one system for q i 's
provided that the second system (2) consistently reduces to the above system (5) 
for i = 1, 2, · · · , N. Here k is a constant and µ 2 1 = µ 2 2 = 1. When (µ 1 , µ 2 ) = {(−1, 1), (1, −1), (−1, −1)} the above constraints reduce the system (1) to nonlocal differential equations provided that the second system (2) consistently reduces to the first one. If the reduction is done in a consistent way the reduced system of equations is also integrable. This means that the reduced system admits a recursion operator and bi-hamiltonian structure and the reduced system has N-soliton solutions. The inverse scattering method (ISM) can also be applied. Ablowitz and Musslimani have first found the nonlocal NLS equation from the coupled AKNS equations and solved it by ISM [2] .
In our studies of nonlocal NLS and nonlocal mKdV equations we introduced a general method to obtain soliton solutions of nonlocal integrable equation. This method consists of three main steps:, (i) Find a consistent reduction formula which reduces the integrable system of equations to integrable nonlocal equations.
(ii) Find soliton solutions of the system of equations by use of the Hirota direct method or by inverse scattering transform technique, or by use of Darboux Transformation.
(iii) Use the reduction formulas on the soliton solutions of the system of equations to obtain the soliton solutions of the reduced nonlocal equations. By this way one obtains many different relations among the soliton parameters of the system of equations.
In the following sections we mainly follow the above method in obtaining the soliton solutions of the nonlocal NLS and nonlocal mKdV equations.
AKNS System
When we begin with the Lax pair in sl(2, R) algebra and assume them as a polynomial of the spectral parameter of degree less or equal to three then we obtain the following system of evolution equations [25] :
Here a 2 and a 3 are arbitrary constants.
Letting a 2 = 1/a and a 3 = 0 we get the coupled NLS system,
where a is any constant. The corresponding recursion operator is
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One-soliton solution of the system (10)- (11) can be obtained by the Hirota method as
where
Here k 1 , k 2 , δ 1 , and δ 2 are arbitrary complex numbers.
Standard and Nonlocal NLS Equations
Standard reduction of NLS equation is r(t, x) = kq(t, x) where k is a real constant. The second equation (11) is consistent ifā = −a. Then the NLS system reduces to
Recursion operator of the NLS equation is
There are two types of approaches to find solutions of the standard and nonlocal NLS equations. In Type 1, one-soliton solution is obtained by letting k 2 =k 1 and e δ 2 = keδ 1 in (13) as
In Type 2 we obtain a different solution under the constraints,
If we take a = iα, k 1 = iβ , k 2 = iγ, e δ 1 = a 1 + ib 1 , and e δ 2 = a 2 + ib 2 for α, β , γ, a j , b j ∈ R, j = 1, 2 one-soliton solution of standard NLS equation becomes
and therefore
This solution is singular for any choice of the parameters.
Let now r(t, x) = kq(µ 1 t, µ 2 x) where µ 2 1 = µ 2 2 = 1 and k is a real constant. This is an integrable reduction, meaning that the new equation we obtain a q t (t,
is integrable and the second equation (11) is consistent with the first one (10) provided thatā = −µ 1 a. The recursion operator of this equation is
and one-soliton solution is obtained by letting k 2 = µ 2k1 and e δ 2 = keδ 1 in (13) as
in Type 1 approach.
In Type 2, under the constraints
we obtain a different one-soliton solution.
Nonlocal reductions of NLS system correspond to (µ 1 , µ 2 ) = {(−1, 1), (1, −1), (−1, −1)}. Hence we have three different reductions of the NLS system (10)-(11).
1) T-Symmetric NLS Equations: Let r(t, x) = kq(−t, x). This is an integrable equation
provided thatā = a. The recursion operator of this equation is
and one-soliton solution is obtained by letting k 2 =k 1 where k 1 = α + iβ , α, β ∈ R, and e δ 2 = keδ 1 in (13) as
for α = 0 in Type 1. To have a real-valued solution we consider q(t, x)q(t, x) = |q(t, x)| 2 . Here we have
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When β = 0 and
where n is an integer, both focusing (sign (k) = −1) and defocusing (sign (k) = 1) cases have singularities. When β = 0 the focusing case is non-singular but asymptotically growing in time.
In Type 2, if we take k 1 = iβ , k 2 = iγ for β , γ ∈ R, e δ 1 = a 1 + ib 1 , and e δ 2 = a 2 + ib 2 for a j , b j ∈ R, j = 1, 2 then one-soliton solution becomes
Hence the function |q(t, x)| 2 is
Clearly, the solution is singular at t = 0 and θ = (2n + 1)π, n integer and non-singular for t = 0.
2) S-Symmetric NLS Equations: Let r(t, x) = kq(t, −x). This is an integrable equation
provided thatā = −a. The recursion operator of this equation is
In Type 1, one-soliton solution is obtained by letting k 2 = −k 1 where k 1 = α + iβ , α, β ∈ R, a = iy, y ∈ R, and e δ 2 = keδ 1 in (13) as
where β = 0. Hence the function |q(t, x)| 2 is
6
If α = 0 the above function is singular at
where n is an integer, both for focusing and defocusing cases. If α = 0, the function (33) becomes
for B = (ρ 2 + 16β 4 )/(8ρβ 2 ) where ρ = ke δ 1 +δ 1 . Obviously, the solution (34) is non-singular if B > 1 or B < −1. 
, we get the solution
.
This solution represents a periodic solution. Its graph is given in Figure 1 .
For Type 2 if we let a = iα, α ∈ R, e δ 1 = a 1 + ib 1 , and e δ 2 = a 2 + ib 2 for a j , b j ∈ R, j = 1, 2 then one-soliton solution becomes
Therefore the function |q(t, x)| 2 is
The solution is singular at x = 0 and θ = 2nπ for n integer, and non-singular for x = 0.
3) ST-Symmetric NLS Equations: Let r(t, x) = kq(−t, −x). This is an integrable equation
and one-soliton solution is obtained by letting k 2 = −k 1 where k 1 = α +iβ , α, β ∈ R and e δ 2 = keδ 1 in (13) as
where β = 0 in Type 1. Therefore |q(t, x)| 2 is
This function is singular on the line 2β x + (2αβt/a) = nπ where n is an integer, if the condition ke δ 1 +δ 1 + 4β 2 (−1) n = 0 is satisfied by the parameters of the solution, otherwise it represents a non-singular wave solution for both focusing and defocusing cases. For α = 0, (a > 0), the solution represents a localized wave solution.
In Type 2, if we take e δ 1 = a 1 +ib 1 and e δ 2 = a 2 +ib 2 for a j , b j ∈ R, j = 1, 2 we have the one-soliton solution as
The corresponding function |q(t, x)| 2 is
The above function is singular when the function f (θ ) = e 2θ − 2γe θ + 1 vanishes. It becomes zero when e θ = γ ± γ 2 − 1. Hence if γ < 1 the solution is non-singular.
Standard and Nonlocal MKdV Equations
Letting a 2 = 0 and a 3 = i/a we get the mKdV system
This system has the same recursion operator (12) as the NLS system. One-soliton solution of the above system is [27] 
Here k 1 , k 2 , δ 1 , and δ 2 are arbitrary complex numbers. In mKdV case, there are also two types of approaches represented in [26] to find solutions of the standard mKdV and nonlocal mKdV (and cmKdV) equations.
1. MKdV Equations: Let r(t, x) = kq(t, x) then mKdV system reduces to the integrable mKdV equation
In Type 1 one-soliton solution is obtained by letting k 1 = k 2 = α + iβ and e δ 2 = ke δ 1 = a 1 + ib 1 for
Therefore we obtain the function
and
. Hence we conclude that if |γ 1 | ≤ 1 the solution (48) is nonsingular. Type 2 approach gives k 1 = k 2 = 0 yielding trivial solution.
2. CmKdV Equations: Let r = kq(t, x) then mKdV system reduces to the integrable cmKdV equation
whereā = a. One-soliton solution is obtained by letting k 2 =k 1 = α − iβ for α, β ∈ R and e δ 2 = keδ 1 in (45) in Type 1 as
so the function |q(t, x)| 2 is
For k < 0, the solution (52) can be written as
where δ = ln(−k/4α 2 )/2. The above solution is non-singular.
We obtain a different one-soliton solution in Type 2 under the constraints
hence the corresponding function |q(t, x)| 2 is
. This is a singular solution for θ = (2n + 1)π, n is an integer.
There are also two different types of nonlocal reductions.
1. Nonlocal MKdV Equations: Let r = kq(µ 1 t, µ 2 x) then mKdV system reduces to the integrable nonlocal mKdV equation
provided that µ 1 µ 2 = 1. There is only one possibility (µ 1 , µ 2 ) = (−1, −1). If we consider the Type 1 approach, we get k 1 = −k 2 which gives trivial solution q(t, x) = 0. In Type 2, one-soliton solution is obtained from (45) with the parameters satisfying the relations Ake 2δ 1 = 1 and Ae 2δ 2 = k as
If we let a ∈ R, k 1 = α 1 +iβ 1 , and k 2 = α 2 +iβ 2 then we obtain the solution |q(t, x)| 2 corresponding to (57) as
where θ = (α 1 − α 2 )x − ((α 3 1 − 3α 1 β 2 1 − α 3 2 + 3α 2 β 2 2 )t/4a), φ = A 1 x + B 1 t, and ϕ = A 2 x + B 2 t. Here
2 ),
There are cases where the solution (58) is nonsingular:
(a) If we have k 1 = k 2 for real k 1 and σ 1 σ 2 = 1 then the solution (57) becomes 2. Nonlocal CmKdV Equations: Let r = kq(µ 1 t, µ 2 x) then mKdV system reduces to the integrable nonlocal cmKdV equation
provided thatā = µ 1 µ 2 a. One-soliton solution is obtained by letting k 2 = µ 2k1 and e δ 2 = keδ 1 in Type 1. In Type 2, a different one-soliton solution is obtained by letting k 1 = −k 1 µ 2 , k 2 = −k 2 µ 2 , Ake δ 1 +δ 1 = 1, and Ae δ 2 +δ 2 = k. In this case there are three possibilities (µ 1 , µ 2 ) = {(−1, 1), (1, −1), (−1, −1)}.
Hence we have three integrable nonlocal cmKdV equations:
2.i) T-Symmetric Nonlocal CmKdV Equations: Let r = kq(−t, x) then mKdV system reduces to the nonlocal cmKdV equation
In Type 1 if we let a = ib, for nonzero b ∈ R, k 1 = α + iβ so k 2 = α − iβ for α, β ∈ R, α = 0 then one-soliton solution becomes q(t, x) = e (α+iβ )x+ i(α 3 −3αβ 2 )−3α 2 β +β 3 4b
When α 3 − 3αβ 2 = 0 and
where n is an integer, for both focusing and defocusing cases, the solution is singular. When In Type 2 if we let a = iα, k 1 = iβ , k 2 = iγ for α, β , γ ∈ R, and e δ 1 = a 1 + ib 1 , e δ 2 = a 2 + ib 2 for a j , b j ∈ R, j = 1, 2 then one-soliton solution becomes
where 2 , and β = −γ. This solution is singular only at t = 0, θ = (2n + 1)π for n integer. 12 2.ii) S-Symmetric Nonlocal CmKdV Equations: Let r = kq(t, −x) then mKdV system reduces to the nonlocal cmKdV equation
If we consider Type 1 and let a = ib for nonzero b ∈ R, k 1 = α + iβ and so k 2 = −α + iβ for α, β ∈ R, β = 0 then one-soliton solution becomes q(t, x) = e (α+iβ )x+ iα 3 −3α 2 β −3iαβ 2 +β 3 4b
and so |q(t, x)| 2 is
For x = nπ/(2β ) and ke (β 3 −3α 2 β )t/2b+δ 1 +δ 1 /(4β 2 ) + (−1) n = 0, where n is an integer, the solution is unbounded but for β 2 = 3α 2 and ke δ 1 +δ 1 /(4β 2 ) + (−1) n = 0 we have a periodical solution. For α = 0, the solution (69) becomes
where γ = ke δ 1 +δ 1 /(2β 2 ), σ k = 1 if k > 0, and σ k = −1 if k < 0. This solution is non-singular for |γ| > 2, β 3 /b > 0 and |γ| < 2, β 3 /b < 0 for any t ≥ 0.
For Type 2 if we let a = iα, α ∈ R, e δ 1 = a 1 + ib 1 , and e δ 2 = a 2 + ib 2 for a j , b j ∈ R, j = 1, 2 we obtain the one-soliton solution as
This solution has singularity at x = 0, θ = (2n + 1)π for n integer. 
In Type 1 if we let k 1 = α + iβ and so k 2 = −α + iβ for α, β ∈ R, β = 0 the one-soliton solution q(t, x) becomes q(t, x) = e (α+iβ )x− α 3 +3α 2 iβ −3αβ 2 −iβ 3 4a
Then we obtain the function |q(t, x)| 2 as
and µ = ke δ 1 +δ 1 /(2β 2 ). This solution is non-singular for all µ except µ = ±2.
For Type 2, if we take e δ 1 = a 1 + ib 1 and e δ 2 = a 2 + ib 2 for a j , b j ∈ R, j = 1, 2 we obtain the one-soliton solution as
hence the function |q(t, x)| 2 is
The above function has singularity when e θ = γ ± γ 2 − 1. Hence for γ < 1 and k 2 > k 1 the solution is non-singular and bounded. , whose graph is given in Figure 3 .
Remark. All dynamical variables considered so far are complex valued functions. We claim that all the results presented here will be valid if the dynamical variables are pseudo complex valued functions. Any pseudo complex number is α = a + ib where i 2 = 1. Complex conjugation isᾱ = a − ib. Hence the norm of a pseudo complex number is not positive definite αᾱ = a 2 − b 2 . NLS equation
has real and imaginary parts (q = u + iv)
where i 2 = ε = ±1.
Fordy-Kulish System
Systems of integrable nonlinear partial differential equations arise when the Lax pairs are given in certain Lie algebras. Fordy-Kulish (FK) system of equations are examples of such equations [28] , [29] . We briefly give the Lax representations of these equations,
where the dynamical variables are Q A = (q α , p α ), the functions A a , B A , and C A depend on the spectral parameter λ , on the dynamical variables (q α , p α ), and their x-derivatives. The system of FK equations is an example when the functions A, B, and C are quadratic functions of λ . Let q α (t, x) and p α (t, x) be the complex dynamical variables where α = 1, 2, · · · , N, then the FK integrable system arising from the integrability condition of Lax equations (79) and (80) is given by
for all α = 1, 2, · · · , N. Here R α β γ−δ and R −α −β −γδ are the curvature tensors of a Hermitian symmetric space satisfying
and a is a complex number. These equations are known as the FK system which is integrable in the sense that they are obtained from the zero curvature condition of a connection defined on a Hermitian symmetric space and these equations can also be written in a Hamiltonian form.
The standard reduction of the above FK system is obtained by letting p α = k(q α ) for all α = 1, 2, · · · , N. The FK system (81)-(82) reduces to a single equation
provided that a = −a and (83) is satisfied. Here * over a letter denotes complex conjugation.
Nonlocal Fordy-Kulish Equations
Here we will show that the Fordy-Kulish system is compatible with the nonlocal reduction of Ablowitz-Musslimani type. For this purpose using a similar constraint as in NLS system we let
where µ 2 1 = µ 2 2 = 1. Under this constraint the FK system (81)- (82) reduces to the following system of equations:
provided that a = −µ 1 a and (83) is satisfied. In addition to (86) we have also an equation for q δ (µ 1 t, µ 2 x) which can be obtained by letting t → µ 1 t, x → µ 2 x in (86). Hence we obtain Tsymmetric, S-symmetric, and ST-symmetric nonlocal FK equations. Nonlocal reductions correspond to (µ 1 , µ 2 ) = {(−1, 1), (1, −1), (−1, −1)}. Hence corresponding to these values of µ 1 and µ 2 we have three different nonlocal integrable FK equations. They are given as follows:
1. T-Symmetric Nonlocal FK Equations:
with a = a.
S-Symmetric Nonlocal FK Equations:
with a = −a.
3. ST-Symmetric Nonlocal FK Equations:
with a = a. All these three nonlocal equations are integrable.
7 Super Integrable Systems
When the Lax pair, in (1 + 1)-dimensions, is given in a super Lie algebra the resulting evolution equations are super integrable systems. They are given as a coupled system
for all i = 1, 2, · · · , N where F i and G i (i = 1, 2, · · · , N) are functions of the dynamical variables q i (t, x), ε i (t, x), and their partial derivatives with respect to x. Here q i 's are bosonic and ε i 's are the fermionic dynamical variables. Since we start with a super Lax pair then the system (90)- (91) is a super integrable system of nonlinear partial differential equations.
Nonlocal Super NLS and MKdV Equations
As an example taking the Lax pair in super sl(2, R) algebra we obtain the super AKNS system. We have two bosonic (q, r) and two fermionic (ε, β ) dynamical variables. They satisfy the following evolution equations [30] - [32] , Bosonic Equations:
Fermionic Equations:
where a 2 and a 3 are arbitrary constants.
Super NLS Equations
Letting a 3 = 0 in the equations (92)-(95) we get the super coupled NLS system of equations. There are two bosonic (q,r) and two fermionic (ε, β ) potentials satisfying
where a 2 = 1/a. The standard reduction is r = k 1q and β = k 2ε where k 1 and k 2 are constants, a bar over a quantity denotes the Berezin conjugation in the Grassmann algebra. If P and Q are super functions (bosonic or fermionic) then PQ = Q P. Under these constraints the above equations (96)-(99) reduce to the following super NLS equations provided k 1 = k 2 2 andā = −a,
Here we show that super NLS system (96)-(99) can be reduced to nonlocal super NLS equations. This can be done by choosing the super Ablowitz-Musslimani reduction as r(t, x) = k 1q (µ 1 t, µ 2 x), β (t, x) = k 2ε (µ 1 t, µ 2 x).
where µ 2 1 = µ 2 2 = 1. Here k 1 and k 2 are real constants. Under these constraints the above set (96)-(99) reduces to super NLS equations [33] , [34] , aq t (t, x) = − 1 2 q xx (t, x) + k 1 q 2 (t, x)q(µ 1 t, µ 2 x) + 2ε x (t, x) ε(t, x) +2k 2 q(t, x)ε(µ 1 t, µ 2 x)ε(t, x), aε t (t, x) = −ε xx (t, x) + k 2 q(t, x)ε x (µ 1 t, µ 2 x) + 1 2 k 2ε (µ 1 t, µ 2 x) q x (t, x) + 1 2 k 1 q(t, x)q(µ 1 t, µ 2 x) ε(t, x), provided thatā
Nonlocal reductions correspond to the choices (µ 1 , µ 2 ) = {(−1, 1), (1, −1), (−1, −1)}. They are explicitly given by,
T-Symmetric Nonlocal Super NLS Equations:
aq t (t, x) = − 1 2 q xx (t, x) + k 1 q 2 (t, x)q(−t, x) + 2ε x (t, x) ε(t, x)
In this work we first presented all integrable nonlocal reductions of NLS and MKdV systems. We gave the recursion operators and the soliton solutions of these nonlocal equations. We then presented the extension of the nonlocal NLS equation to nonlocal Fordy-Kulish equations on symmetric spaces. Starting with the super AKNS system we studied all possible nonlocal reductions and found two new super integrable systems. They are the nonlocal super NLS equations and nonlocal super mKdV systems of equations. There are three different nonlocal types of super integrable equations. They correspond to T-, S-, and ST-symmetric super NLS and super mKdV equations.
From the study of NLS and mKdV systems (both bosonic and fermionic integrable systems) we observed that they have standard and nonlocal reductions. Moreover in both of these systems there are at least one nonlocal reduction to a standard reduction. For instance both systems have r(t, x) = kq(t, x) as a standard reduction and the corresponding nonlocal reductions are r(t, x) = kq(µ 1 t, µ 2 x) where k is real constant and (µ 1 , µ 2 ) = (1, −1), (−1, 1), (−1, −1). From these reductions we obtain standard and nonlocal NLS equations and standard and nonlocal complex mKdV equations and their nonlocal super integrable extensions. The mKdV system has additional standard and nonlocal reductions. Standard reduction r(t, x) = kq(t, x), k is real constant, and its corresponding nonlocal reduction r(t, x) = kq(−t, −x) give the nonlocal mKdV equation. From all these experiences we conclude with a conjecture: If a system of equations admits a standard reduction then there exists at least one corresponding nonlocal reduction of the same system.
